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Inspired by quantum gravitational physics, the approach of non-commutative (NC) phase space
leads to a modified dispersion relation of gravitational waves. This feature, if applied to the very
early universe, gives rise to a modified power spectrum of primordial tensor perturbations with a
suppression of power on large scales. We confront this phenomenon with the BICEP2 and Planck
experiments, and show that inflation with the modified dispersion relation can simultaneously fit
the observations better than the standard inflationary paradigm. In particular, the numerical result
implies that with the latest cosmological microwave background (CMB) observations, a quantum
gravity modified power spectrum of primordial tensor modes is preferred at a statistical significance
of more than 3σ compared with the minimal model. Our study indicates that the potential tension
between the BICEP2 and Planck data may be resolved by quantum gravity effects.
PACS numbers: 98.80.Es, 98.80.Cq
Introduction.— Recently, the BICEP2 collaboration
reported a detection of primordial B-mode polariza-
tion on the CMB at more than 5σ confidence level
(C.L.) [1]. This measurement indicates that, if all the
B-mode signal is from primordial gravitational waves,
the inflationary tensor-to-scalar ratio is constrained as
r = 0.2+0.07−0.05 (68% C.L.). This result is in tension with
the Planck data reported in 2013 (Planck13 hereafter),
i.e., r < 0.11 (95% C.L.) [2]. Thus, the standard infla-
tionary paradigm is severely challenged in simultaneously
explaining these two observations.
Theoretically, it has been learned that r measures the
variation of the inflaton field during inflation through
the relation ∆φ/∆N =
√
2rMp/4 [3]. The BICEP2 re-
sult then implies that inflation requires a super-Planck
field variation and hence all Planck suppressed non-
renormalizable operators could become important already
during inflation. In this regard, it is natural to exam-
ine implications of quantum gravity phenomenology in
the very early universe, in particular the effects of non-
commutativity [4], as inspired by fundamental theories
such as string theory [5–7] and the Generalized Uncer-
tainty Principle [8, 9]. Moreover, a so-called noncom-
mutative field theory, which describes an effective action
that contains noncommutative terms partly obtained from
noncommutative geometry, was developed extensively in
the literature [10–13].
In this Letter, we examine observational signatures of
a quantum gravity inspired NC effect on the power spec-
trum of primordial gravitational waves which are relevant
to the current CMB observations. Specifically, we pro-
pose a modified parametrization for the power spectrum
of primordial tensor modes based on the formalism of
phase space non-commutativity. The key feature of this
spectrum is that its amplitude is conserved and nearly
scale-invariant at small scales but obtains a dramatic sup-
pression at large scales [14]. Making use of the CosmoMC
package [15], we confront the theoretical parametrization
with the WMAP9, Planck13 and BICEP2 data. Our
result reveals that the NC dispersion relation yields a
better fit to the combined CMB observations compared
with standard predictions. Therefore, our study hints
at new physics beyond the classical General Relativistic
inflationary paradigm of Big Bang cosmology. Also it pro-
vides an observational window to probe quantum gravity
effects in present cosmological observations.
Theory setup.— We begin with a brief discussion of
primordial gravitational waves assuming NC phase space
in the framework of a flat FRW universe. This effect
is known to be associated with non-commutative space
and its corresponding quantum field theory description
requires at least two internal degrees of freedom, for in-
stance, a complex scalar [11] or the graviton [14]. With
that, in the context of single field inflationary cosmology,
it does not affect the scalar sector but only changes the
tensor modes. In particular, it appears in the quanti-
zation process of tensor modes and leads to a modified
dispersion relation which gives rise to a feature in the
primordial tensor spectrum: the spectral index of tensor
modes changes from scale invariant at small scales to blue
at large scales. Thus, the amplitude of primordial tensor
fluctuations exiting the inflationary Hubble radius during
the first several e-folds decreases.
In the flat FRW background, the tensor fluctuations
are given by h¯ij by expanding the metric as follows,
ds2 = a(τ)2[−dτ2 + (δij + h¯ij)dxidxj ] , (1)
where τ is the comoving time, a(τ) is the scale factor,
and the Latin indexes represent spatial coordinates. For
simplicity, we redefine the fluctuations through hij = ah¯ij .
Using comoving time, the linearized Lagrangian of the
cosmic tensor fluctuations is expressed as,
L = 1
4
[h′2ij +
a′′
a
h2ij − (∂lhij)2] . (2)
The tensor fluctuations hij satisfy the relations hij = hji
and hii = hij,j = 0. By defining the conjugate momenta
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2piij ≡ δL/δh′ij = 12h′ij , one can canonically quantize the
system using the standard equal-time commutation rela-
tion: [hij(τ,k), pikl(τ,k
′)] = 12 (δikδjl + δilδjk)δ
(3)(k− k′).
However, in order to include the non-commutativity
into the above system, it is natural to make a defor-
mation on the commutation relation of the conjugate
momenta as: [piij(τ,k), pikl(τ,k
′)] = αijklδ(3)(k − k′),
where αijkl is a constant matrix. In order to be con-
sistent with the algebraic properties of tensor fluctua-
tions, αijkl satisfies αijkl = αjikl = −αklij and thus
yields αijkl = αikδjl + αilδjk + αjkδil + αjlδik with
αjk = −0jklαl, where ijkl is a totally antisymmetric
tensor and αl a constant 3-vector.
Note that the deformed equation of motion for pri-
mordial tensor modes in Fourier space is given by
h′′ij + k
2hij − a′′a hij + 8αm0limh′jl = 0. For convenience,
we take αm = {0, 0, α3} and introduce two independent
tensor modes as: v1 =
1√
2
(h11+ih12), v2 =
1√
2
(h11−ih12).
Then, their equations of motion are given by,
v′′j + (−)j−18iα3v′j + k2vj −
a′′
a
vj = 0 , (3)
with j = {1, 2}, respectively. Note that the case α3 = 0
reduces to commutative space without quantum gravity
effect where the second term of eq. (3) vanishes, and then
the regular dispersion relation is recovered. By imposing
vacuum initial condition, the above equations can be
explicitly solved to yield:
vj(k, τ) =
√
pi
2
ei(ν+
1
2 )
pi
2 (−τ) 12 e(−)j4iα3τH(1)ν (−lτ) , (4)
in terms of the ν-th Hankel function of the first kind with
ν = −32(−1) , and  ≡ − H˙H2 is the slow roll parameter. We
introduce an effective frequency of the tensor modes to
be l ≡
√
k2 + 16α23.
Following the definition of the power spectrum PT (k) ≡
2k3
pi2M2p
∑
j=1,2 |vja |2, one can substitute the above solutions
and obtain the tensor spectrum on super-Hubble scales.
For convenience of relating the theoretical prediction with
observations, we propose the following template for data
analysis,
PT (k) = AT
(
k
kpivot
)nt k3
(k2 + α2k2pivot)
3/2
, (5)
where AT ≡ 2H2/(pi2M2p ) is defined as the amplitude of
the tensor spectrum at a pivot scale, 1 and nt is the corre-
sponding spectral index. The term α2k2pivot appearing in
the denominator is the signal arising from quantum grav-
ity effects. In the case of NC phase space, the parameter
1 Consider that nt is suppressed by the slow roll parameter, the
choice of the pivot scale mainly affects the analysis of the factor
(k2 + α2k2pivot)
3/2 and therefore the redefinition of α.
α is associated with the coefficient α3 via α
2k2pivot = 16α
2
3,
and we name it as the NC parameter. From the above
expression, one easily observes that the tensor spectrum
is nearly scale-invariant in the large k regime. This is in
agreement with the result obtained in standard slow roll
inflation. However, for the tensor modes with k  αkpivot,
the spectrum becomes very blue and hence, its amplitude
decreases on large scales. Moreover, when α = 0, the spec-
trum reduces to the regular result in standard inflationary
paradigm. As usual, one can introduce a tensor-to-scalar
ratio r ≡ AT /AS , with AS being the amplitude of the
power spectrum for curvature perturbations. Since pri-
mordial curvature perturbations reply on the inflaton
fluctuations which are in the scalar sector, AS is the same
as the regular one derived in the standard inflationary
paradigm.
Numerics.— To test the plausible quantum gravity ef-
fect in CMB experiments, we take kpivot = 0.01Mpc
−1 so
that it accommodates the BICEP2 observation. Fig. 1 il-
lustrates this impact on the CMB temperature and tensor
spectra with different values of the NC parameter. We
consider two NC modified inflation models with α = 0.02
(the blue dashed line) and α = 0.05 (red dotted line),
respectively. At large angular scales, the power spectra
are affected by the quantum gravity effect, so the decrease
on the amplitudes happens when k < αkpivot. Moreover,
the bigger the value of α we choose, the more prominent
is the signature of this suppression at low ` values.
It is known that the BICEP2 data strongly favors non-
vanishing primordial tensor perturbations, namely r =
0.2+0.07−0.05 in the intermediate ` regime (50 < ` < 100). This
nonzero value of r, if it still exists in the low ` regime, can
lead to extra power in the CMB temperature spectrum
and make it difficult to fit to the low ` Planck data. As a
result, there exists a tension between these two data sets.
In the NC modified model, however, without changing the
spectrum of primordial curvature perturbations, we have
shown in the lower panel of Fig. 1 that the amplitude of
the tensor spectrum is suppressed due to the quantum
gravity effect. Correspondingly, while one can generate
enough large primordial B mode to fit to the BICEP2
data, the amplitude of the same spectrum damps in the
low ` regime and, therefore, can very well explain the
Planck data simultaneously.
Given the above theoretical setup, we perform a Markov
Chain Monte Carlo (MCMC) fitting using a generalized
CosmoMC package, which has been modified to calcu-
late the CMB power spectra under the quantum gravity
inspired NC effect. The cosmological parameters are:
(Ωbh
2,Ωmh
2,Θs, τ, ns, AS , r, nt, α), in which Ωb and Ωm
are the baryon and cold dark matter densities relative to
the critical density, Θs is the ratio (multiplied by 100)
of the sound horizon to the angular diameter distance at
decoupling, τ is the optical depth to re-ionization, ns is
the spectral index and AS is the amplitude of curvature
perturbation at the pivot scale, r is identical to the tensor-
3FIG. 1: Signatures of the quantum gravity effect on the
primordial TT (upper panel) and BB (lower panel) power
spectra with different values of α. We compare a ΛCDM model
(black solid line) with two NC modified inflation models with
different values of the NC parameter as described in the main
text.
to-scalar ratio at small scales as explained previously, and
nt is the corresponding spectral index of tensor modes.
Moreover, we have one additional parameter α which is
associated with the quantum gravity effect in the NC
modified model.
Particularly, we analyze the observational constraints
on the model from three points of view in order to examine
the consistency of the numerical results. First, we only use
the BICEP2 data to constrain the correlation between
the log function of the NC parameter (logα) and the
tensor-to-scalar ratio r; then, we combine the BICEP2
and Planck13+WMAP9 data to further constrain the
correlation between logα and r; and afterwards, we use
the BICEP2+Planck13+WMAP9 data to perform the
constraint on this correlation directly. Our numerical
results are presented in Fig. 2.
In the left column of Fig. 2, we apply the BICEP2 data
only and find that the (r, logα) contour is not bounded
from below and thus the standard inflation model without
any quantum gravity corrections is consistent. However,
after marginalizing over r a value with α = 1.0 is preferred,
as seen from the peak of the probability distribution curve.
The constraint of this contour becomes significantly
improved after including the Planck13+WMAP9 data
as is shown in the lower panel of the middle column in
Fig. 2. The shape of the probability distribution curve
is almost unchanged but the constraint is improved, i.e.,
α = 1.0+0.74−0.43 at 1σ. This result indicates a non-zero
amplitude of the NC parameter which thus hints at new
physics beyond the standard paradigm. The contour
favors a positive correlation between logα and r. This
implies that, when we increase logα, the value of r also
FIG. 2: One and two dimensional constraints on the NC
parameter α and the tensor-to-scalar ratio r at the pivot scale
in the NC modified inflation model.
becomes larger in order to compensate the suppression
effect brought by the NC physics.
Note that in the first two columns of Fig. 2, we have
taken the log function of the NC parameter in the fitting
since its parameter space can be dramatically compressed.
However, there is the risk of involving a certain prior in
the analysis using this method, i.e., the limit of α → 0
(corresponding to logα → −∞) is not accessible to the
MCMC. Therefore, one ought to examine whether the
previous results are reliable by fitting α in linear function
directly. To check this issue, we also run the MCMC with
the combined BICEP2+Planck13+WMAP9 by assuming
α ∈ [0, 0.4]. We find the best fit value of the NC parameter
α approaches the prior boundary α = 0.4 in this case and
which is consistent with the previous results.
Along with constraining the favored regime of α, it is
also helpful to analyze how unlikely α < 0.02 would be,
which corresponds to the case that the NC effect is un-
observably small. Applying the chain rule of probability,
one gets the probability P (α < 0.02) = P (α < 0.02|α <
α0) P (α < α0) where α0 = 0.35 is chosen as an interme-
diate regime between the linear sampling and logarithm
sampling method. Moreover, the analysis of the linear
sampling gives P (α < 0.02|α < α0) = 0.0028 and the loga-
rithm sampling yields P (α < α0) = 0.068. To insert them
into the chain rule, we obtain P (α < 0.02) = 2 × 10−4,
which indicates α < 0.02 is disfavored at 99.98%, or 3.7σ
confidence level.
Eventually, our result shows that the latest CMB data
prefers a quantum gravity modified power spectrum of
primordial gravitational waves at more than 3σ confidence
level. One should note that such a statistical significance
disfavors the minimal inflation model considered by the
4BICEP2 and Planck teams. We notice that there in-
deed exist other models which fit the data equally well
according to the likelihood statistics, for example if the
tensor sector has a constant blue nt [16–18]. To further
distinguish between models, future data is needed. On
the other hand, it is also important to note that different
foreground modeling may weaken the BICEP2-Planck
tension, and as a consequence would lower the statistical
significance of a modified dispersion relation.
The parameter α newly introduced in the modified ten-
sor spectrum is positively correlated with r and thus can
further enlarge the parameter space of the tensor-to-scalar
ratio. This feature can be applied to distinguish our model
from others, namely, in the model of relaxing the spec-
tral index of tensor modes one finds that nt is negatively
correlated with r [19]. Moreover, the suppression feature
that appeared in the low ` regime of the power spectrum
of primordial B-mode is scale dependent and therefore is
another critical signature which is distinguishable from
other mechanisms, such as the matter-bounce inflation
model [20], the non-Bunch-Davis inflation model [21], or
the string gas cosmology [22]. In particular, the bounce in-
flation model generally modifies the power spectra of both
tensor and scalar types [23] and therefore can be easily
distinguished from our scenario through the measurement
of the CMB temperature spectrum.
Conclusion.— The recent detection of non-vanishing
primordial B-mode reported by the BICEP2 collaboration
leads to extra power in the CMB temperature spectrum
within the standard inflationary paradigm. The r = 0.2
best fit value indicates a super-Planck inflaton field varia-
tion and hence open the possibility that quantum gravity
effects may already be relevant during inflation. Consider
that the BICEP2 detection would involve the contribu-
tion from dust, the primordial tensor mode may have
a smaller amplitude. For example, if r = 0.1, from the
tension between BICEP2 and Planck, it can be estimated
that the statistical significance of non-vanishing α would
drop by 1σ ∼ 2σ. We hope to perform a detailed study
of this case once a realistic foreground model is available
for likelihood analysis.
Inspired by quantum gravity theories, we examine a
generalized parametrization for the power spectrum of
primordial gravitational waves with an modified disper-
sion relation which may arise from phase space NC. We
discover a scale dependent suppression of the TT and BB
power spectra. This suppression can alleviate the tension
between the BICEP2 and Planck observations. Compar-
ing our numerical analysis with the latest CMB data, such
a quantum gravity modified power spectrum of primor-
dial tensor modes can interpret the combined observations
better than the minimal model without modification of
tensor dispersion relation.
We would like to end by highlighting the significance
of examining the observable signals of the possible quan-
tum gravity effect within the inflationary paradigm. In
the present Letter we proposed to probe this effect via
the CMB polarization measurements. It is interesting
to notice that, the existence of quantum gravity effect
could effectively modifies the dispersion relation of primor-
dial perturbations and hence might leave observational
signatures by generating large non-Gaussianities [24]. Ad-
ditionally, primordial gravitational waves under the NC
effect may yield the CMB statistical anisotropy with a
quadrupole asymmetry [25, 26] and hence could help to
examine this effect via the forthcoming data. With the
accumulated high precision cosmological observations, it
seems promising to experimentally probe the fundamental
physics effects that only occur at extremely UV scales by
virtue of these highly improved techniques.
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